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A K-THEORETIC CLASSIFICATION FOR CERTAIN Z/pZ 
ACTIONS ON AF ALGEBRAS 

ZHIQIANG LI AND WENDA ZHANG 



Abstract. A K-theoretic classification is given of the C*-dynamical systems 
lim(A n , ct n , G) where A n is finite dimensional and G is any cyclic group of 

_,^ ' prime order (namely, G = Z/pZ for some prime number p). Such actions con- 

^^ ' tain N. C. Phillips' natural examples of finite group actions on UHF algebras 

^vj , which don't have the tracial Rokhlin property in [§], 



Q ' 1. Introduction 

rS^ ', A number of results concerning the classification of C*-algebras have been ob- 

tained under the Elliott programme. However, classification of group actions on 
C*-algebras is still a far less developed subject, partially because of K-theoretical 
difficulties. When the C*-algebra and the group action have an inductive limit 
structure, then the equivariant version of Elliott's intertwining argument can be 
used for classifying such group actions. 

Given a compact group G, let A = lim A n be the inductive limit of a sequence 

of finite dimensional C*-algebras, let a — lima„ be an inductive limit action of G 

00 ' — * 

f— ^ ' on A. Then one can form the C*-algebra cross product A X a G = lmiA n xi Q?i G. 

If each a n is given by inner automorphisms arisen from a unitary representation of 
the group G, then it was shown in [5] that the natural K-theory data of A X a G 
is a complete invariant for the C*-dynamical system (A,a,G). Such actions they 
referred to as locally representable. In the case that A is unital, the K-theory 
data in [5] consists of the K-group K (A x a G) together with (i) the natural order 
structure, (ii) the special element coming from the projection given by averaging 
the canonical unitaries of the cross product, (iii) the natural module structure over 



C^ , the representation ring K (G). In [7,, Kishimoto considered actions of finite groups 

on inductive limit algebras with more complicated building blocks (circles) , and in 
[2], this study was extended to still more complicated inductive limit systems and 
to general compact groups. 

In all of these cases above, it was assumed that the actions still satisfied a 
local representability condition. So it is interesting to consider the case in which 
the group action is not necessarily inner. Along this line, in |3j, G. A. Elliott 
and H. Su removed this local representability hypothesis in the case where the 
group is Z/2Z and the building blocks are finite dimensional. In |10j . this local 
representability condition was also removed, where the group is still Z/2Z, but the 
inductive limits are certain real rank zero systems built on some subhomogeneous 
graph C*-algebras. Then, it is an natural question that to which extent one can 
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2 ZHIQIANG LI AND WENDA ZHANG 

obtain a K-theoretic classification for more general group actions on C*-algebras, 
conceivably, finite abelian group actions will be a quite large class. To do this, 
from group structure theory, the p (prime) groups (groups with order being some 
power of p) cases will be fundamental, and among them, the cyclic groups with 
prime orders should be the first test case. In the present paper, a K-theoretic 
classification for inductive limit actions of cyclic groups with prime orders on AF 
(approximately finite dimensional) algebras will be obtained. 

On the other hand, there is another class of group actions on C*-algebras which 
draw many people's attention, namely, the group actions with (tracial) Rokhlin 
property. For the integer group Z and Z d , I. Hirshberg, W. Winter, and J. Zacharias 
(in [6]) and N. C. Phillips (in [9]) showed that the actions with the tracial Rokhlin 
property are generic for nice C*-algebras (for example, TAF algebras). For finite 
group action case, N. C. Phillips give natural examples in [8] that there are inductive 
limit actions of cyclic groups on UHF algebras which don't have the tracial Rokhlin 
property. We quote his example of Zi action here: 



A = lim M2« , a = lim a n , a n = Ad 



l 2 »-i 
-1 



where the distribution of the eigenvalues of the unitaries indicate that this action 
doesn't have tracial Rokhlin property (see Example 2.9 in [8 for detail). Since 
such examples have inductive limit structure, they sit in our classification results. 

Throughout this paper, let us denote the group Z/pZ by Z p , where p is a prime. 
To state the invariant, let A be a unital C*-algebra, and let a be a group action of 
Z p on A. The invariant we need is as follows: 

(l)(K Q (A),K (A) + ,[l A },a*), 

(2) (Ko(Ayi a Z p ) ,Kq(Ax a Z p ) + , £, d„), where C is the special element inKo(^4xia 
Z p ) and a is the dual action of Z p on A x a Z p , 

(3) i* :Kq(A) -^Ko(A xIq, Z p ), where t is the canonical embedding of A into 

(1) and (3) are necessary, since the action may not be inner, the information in 
Kq(A) may not be recovered completely from Ko(A x Q Z p ), we must adjoin this, as 
well as the actions on the K-groups, to the invariant. We state the main theorem 
here. 

Theorem 1.1. Let (A,a,Z p ) = \im(A n ,a n , Z p ) and (B,/3,Z p ) — lim(i? n ,/3 ra , Z p ) 

be two approximately finite dimensional inductive limit C -dynamical systems, let F 
be an scaled order preserving group isomorphism from (KQ(A),a*) to (Kq(B), /3*) 7 
and let 4> be an order preserving group isomorphism from (Kq(A x a Zp),^.*) to 
(Kq(B yip Zp), ft*) mapping the special element to the special element. Suppose that 
the following diagram commutes: 

K {A) ^K (A>i a Zp) 

F 

K Q (B) ^Ko(BxpZp). 

Then there is an isomorphism if> from (A,a,Z p ) to (B,f3,Z p ) such that -0* = F 
and such that the extension of ip to Av\ a Z v induces <j>. 
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The paper is organized as follows. In Section 2, some preliminaries are given 
about the crossed products of finite dimensional C*-algebras with Z p actions. In 
Section 3, an existence result is proved, namely, morphisms between the invariant 
of the finite dimensional C*-dynamical systems can be lifted to morphisms between 
the finite dimensional C*-dynamical systems. In Section 4, a uniqueness result 
is obtained, namely, for any two morphisms between the finite dimensional C*- 
dynamical systems, if their induced maps agree on the invariant, then they are 
unitarily equivalent by an equivariant unitary, i.e., a unitary in the fixed point 
subalgebra of the codomain algebra. These two results are the main ingredients in 
Elliott's intertwining argument. In Section 5, the main theorem will be proved by 
Elliott's intertwining argument. 

2. PRELIMINARIES 

m 

Let A = @ M„ fc be a finite dimensional C*-algebra, and let a be a group action 
fc=i 
of Z p on A. Since Z p is cyclic, then a is determined by the corresponding automor- 
phism of the generator of Z p . Let a be an order p automorphism of A. From basic 
representation theory, a can be decomposed into a finite direct sum of irreducible 
actions. Each irreducible action has the form either (M n ,p) or (M„ © ... © M n ,p). 

p 
Let us prepare all the K-thcorctic information about the irreducible actions. 

In the case (M„, p), p is given by an order p unitary V £ M„: 

p(a) = VaV*, a e M„, 
V could be chosen to be diagonal. 
Lemma 2.1. M n x Q Z p is isomorphic to M n © ... © M n . 



p 
Proof. The identification map is given as follows: 

a Q + a 1 U p +a 2 U p 2 + ... + a p _iU pP -i 

— > (a + a-iV + a 2 V 2 ... + a^^V^ 1 , 

s +e " a x V + e l p a 2 V z + ... + e l p a p _ x V v 1 , 

a + e^aiV + e i ^~a 2 V 2 + ... + e l "? ' ' ap-iV^ 1 , 

■ 2(p-l)ir ■ 2(p-2)ir „ ■ 2tt , 

a + e l p ai V + e l p a 2 V 2 + ... + e 1 p a p -iV p x ), 

where U p k ,k = 1, ...,p — 1 are the canonical unitaries in the cross product algebra. 
Then one can verify the lemma by this formula. □ 

Remark 2.2. This lemma is also true for non prime p. 

Then K (M„) = Z and K (M„ xZ p )=Ze ... © Z, and the map from K (M„) 

s v ' 

p 
to Ko(M„ xiZ p ) sends x to (x, ..., x) and p* is trivial. It is well known that Z p = Z p , 

p 
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and the generator of Z p is p which takes the identity element to 1, and takes p to 
e p . So 
p-i 
p(2 J a-kUpk) — ap + e ffli^ + e * p a 2 C/ p 2 + ... + e * p a p -\U pP -i 

fc=0 

by the identification formula above, it is easily to see that p and p* is the per- 
mutation given by (£i,£2) ■■•>£?) - * (£pj £i> ■ ■•)£p-i)- Take the special element 
C = (lo, ■■■,lp-i)> where Ik is the number of the eigenvalue e l ~ of the unitary 
V which implements the automorphism of p. 

In the case (M„ © ... © M n ,p), up to conjugacy, p can be chosen to have the 

p 
form: p(ai,a 2 , ...,a p ) = (a p ,Oi, ...,a p _i). 

Lemma 2.3. M„ © ... © M n xt a Z v is isomorphic to M vn . 

v ' 

p 
Proof. The identification map is given as follows: 

(a,Q,a°,...,al_ 1 )+(al,a\,...,al_ 1 )U p + ... + (ag _1 ,of -1 , ...,a p p Z\)U p v-i 



( a° 

p-i „o 



al 



a p-i a p-i 



V a\ a\ 



p-2 
% p-l 



a? / 



a 



Then Kq(M„ © ... © M„ y\ a Z v ) = Z, the canonical map between the K-groups 



sends (xi,...,x p ) to ^2 Xk- Let 
fc=i 



so 

/5(C) = (ao, a?, -, Op_i) + e -1 ^ (a£, oj, ..., ap^Up + ... 

Then by the identification in Lemma 2.2, the dual action is as follows 

/I \ / 1 

e p 
P(C) = 

.2(2-1) 



V 



c 



/ 



e p 



V 



/ 



for all C G Mj,„. Hence /?* is the permutation and p* is trivial. Take the special 
element £ to be n. 

Remark 2.4. Lemma 2.3 also verify the Takai Duality for (M„, Z p ). 
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3. EXISTENCE 

In this section, we are going to establish an existence result, which states that 
morphisms between the invariant of the finite dimensional C*-dynamical systems 
can be lifted to morphisms between the finite dimensional C*-dynamical systems. 
This existence theorem together with the uniqueness theorem in next section are 
the two main ingredients in Elliott's intertwining argument. 

Theorem 3.1. Let (Ah,ak, Z p ) and {B n ,ft n , Z p ) be two irreducible finite dimen- 
sional (T -dynamical systems. Let F k be an ordered group morphism from (Ko(A k ), [ 
lA k ],cek*) to (Ko(B n ), [ls„],/8n*). Let (f>k be an ordered group morphism from 
(K$(A k X ak Z p ), dfc*) to (K$(B n xp n Z p ), /?„*), which preserves the special element. 
Then there exists a homomorphism ip k from (A k ,a k ,Zp) to (B n , fi n , Z p ), such that 
"0fe* — Fk, an d "0fe* — 0fe; where ip k is the natural extension of tp k to A k x Qfc Z p . 

Proof. We are going to prove the theorem in four different cases. Assume Z p = 
{ P ,p 2 ,...,pP-\l}. 

(1). A k = M k , B n =M n . 

Suppose U G M k and V G M n are the two unitaries which implement the 
automorphism for p on M k and M n respectively. Since F k preserves the scale, then 



F, 



By Lemma 2.1, 4> k is of the form: 



I hi 

hi 



/l2 
l'22 



V i 



pi 



V 2 



lip \ 

h P 
l PP ) 



Moreover, (\> k intertwines &k* and f3 nat , by calculation, one obtains that 



/ ^n I12 

hi 



i-ip 



h P 
h P -i 



\ 



\ ll2 ll3 



hi J 



By assumption, we have 4>k(, — (,' , where Q and £' are the two special elements in 
M k x ak Z p and M n Xp n Z p , then (In + li% + ... + h p )k = n. 
Define 

ei = e 2 = ... = e hl = I k , 

ejn+i = e /n+2 = ••• = eiu+h2 = e ~ l ~^ ® idf, 

e hi+ii2+i = e hi+*i2+2 = ••• = ei 11+ i 12+ i 13 = e l ~ ®idn., 



set 

e = diag(ei,... , ei ±1 , ej 11+ i, ... ,ei 11+ i 12 , ... , e/ 11+ ...+; lp ), 

then e(U ids.) = (U <g) idn.)e. 

Because 4>k preserves the special elements (and the choice of special element in 
this case), then the eigenvalue list of (U ^>id^)e is the same as V, then there exists 
a unitary W, such that W*VW = (U ® idn)e. 
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Define a homomorphism ipk '■ Mk — > M n by: 

ijj k (a) = W(a®id»)W*, 

then {U* ® id f )W*VW(a ® idii) = (a® id?_){U* ® id>±)W*VW, 

namely, ipk intertwines ak and /3„, and ipk* — ft- Since the natural extension ipk 
intertwines ak and j3 n , by calculation, ^* = <pk- 
(2). A fe = M k , B n = M n © ... © M„. 



Obviously, F& = 



Since 4>k intertwines 6>k* and j3 n *, by calculation, 



we have: <pk — ( h h •• • '1 ) • Moreover, because (pk preserves the special 
element, then h = ?. Let V be the unitary implementing the automorphism for p 
on M k . 

Define a homomorphism ipk ■ Mk — > M n © ... © M n by: 



Ma) = (Wi(a © id f )W?,W 2 (a © td f )w;, ... , W p (a © tdf)W£), 
where 

Then it is easily to check that ipk intertwines ak and f3 n , and ?/>&* = i 7 ^. The natural 
extension ^ intertwines &k and /3 n , so ipk* — (pk- 
(3). A fe = Mk © ... © M k , B n = M„. 



n n 



Since F& intertwines a& and j3 n , by calculation, Ffc = ^ (; , 

h 

Since <pk intertwines ak* and (3 n * , we have 



p/.; 



moreover by the assumption on 



the special elements, h 



\h) 



pk 



Let V be the unitary implementing the automorphism 



for p on M n . To define a homomorphism which intertwines ak and (3 n , we need to 
find a unitary W 7 , such that Ad(W*y W) maps diag(ai © id* , a 2 © id « , ... , a p © 
idj^) todiag(a B ©id_"_,ai©id_s_, ... ,a _i©id_^) for all (oi, ... , a„) inMt © ... © M&. 

pA; ' «_> \ f pk pk " pk ' v " ' s,^^^^^^^ ^^^^^^^v 

p 
By Lemma IV. 2 in [5|, this can be done. 

(4). A k = Mk © ... © M k , B n = M n ® ... © M n . 



Since Fk intertwines ak and /3 n , by calculation, we have: 



F k = 



I hi I12 

hp hi 



tip 
hp-i 



\ 



and (In + I12 



\ hi h?, ■ ■ ■ hi ) 
■ hp)k = n. Similarly, we also have ipk 
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Define a homomorphism i\) k : M k © ... © M k -> M„ ... © M„ by: 



/< 



^fc(ai,o 2 ,...,Op) = (V'fc(-))V'fc(-).-)^fe(-)). 
where (•) is the abbreviation of (oi, 02, ..., a p ) <E M„ © ... © M n , and 

p 
ipl(ai,a,2, — ,a p ) =diag(ai ®id hl ,a 2 <gudj 12) ... ,a p <S> id hp ) 



ip/i 



ip%(ai,a 2 ,... , a p ) =diag(a 2 ®idi 11 ,a 3 ©zd il2 , ... , ai ®id ilp ) 



!>'■ 



tp^(ai,a 2 ,... , a p ) =diag(a 3 ©id ;il ,a 4 <gudj 12 , ... ,a 2 <8>id/ lp ), 

V>fc(ai,a 2 , ... , a p ) =diag(a p ©id; 117 oi ©id/ 12 , ... ,a p _i ® id/ lp ). 
Then ^ satisfies the condition. □ 

Corollary 3.2. Lei (Afc,afe,Z p ) and (B n ,f3 n ,Z p ) be two finite dimensional C- 
dynamical systems. Let F k be an ordered group morphism from (Ko(A k ), [^A k ], ot k *) 
to (Ko(B n ), [ls n ],/3 n *). Let (f> k be an ordered group morphism from (Ko(A k x Qfc 
Z p ),a k *) to (Ko(B n Xp n Z p ),l3 n *), which preserves the special element, and the 
following diagram 

K (A k ) — ► K (A k x Qfc Z p ) 

l Fk JA 

K (B n ) — ► tf (B„ x^ Z p ) 

commutes. Then there exists a homomorphism ip k from (A k , a k , Z p ) to (B n , (3 n , Z p ), 

such that ip k * = F k , and V'fe* = 4>k, where ip k is the natural extension of ip k to 

A k x afc Z p . 

Proof. D 

4. UNIQUENESS 

In this section, we are going to establish the uniqueness theorem, namely, if two 
morphisms between the finite dimensional C*-dynamical systems agree on the K- 
theoretic invariants, then they are unitarily equivalent by an equivariant unitary, 
namely, an unitary in the fixed point subalgebra of the codomain algebra. 

Theorem 4.1. Let <f> k and ip k be two homomorphisms from the irreducible finite 
dimensional C* -dynamical system (A k ,a k , Z p ) to (B n , f3 n , Z p ). Denote by <f> k and 
ip k the morphisms from A k x Qfc Z p to B n x^ re Z p induced by <f> k and ip k , respectively. 
If <j> k * = i^k* and <f) kte = tp k *, then there exists a unitary W in B@ n , the fixed point 
subalgebra of B n , such that cf> k — AdW o tp k . 

Proof Again we are going to prove the theorem in four cases. Assume Z p = 
{p,p 2 ,... lP P-\l}. 

(1). A k = M k ,B n = M n . 

Let U G Mfc and V G M„ be the two unitaries which implement the action a k 
and P n , respectively. Let X and Y be two unitaries in B n such that 

4>(a) =X(a®idn)X*,ip(a) = Y(a © id«)F*,Va G M fe . 

Since both 4> and ip intertwine the actions a k and /?„, we have that 

X(UaU* © idn)X* = VX(a © id* )X*V* , 

Y(UaU* © id~)Y* = VY(a © id~)Y*V* . 
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Hence, 

X*V*X(U idn)(a ®id») = (a® id f )X*V*X(U id» ), 
Y*V*Y(U idn_){a id« ) = (a idn.)Y*V*Y(U id"), 

Set L = X*F*X(£/ id« ), iV = r*y*F(L/ id»), then L and N commute with 
(a® id"), for all a G M^, and 

L p = X *(V*) P X(U P id f ) = I,iV p = /. 

Note that L, N commute with all (a id a.), then L, N belong to Ik M» . Let S 
and i? be two unitaries in h M™ such that 

fc 

SLS* = Ik diag(Xi, ..., An), 
RNR* — 7fe diag(fj,i, ...,/i»). 

For ao + aif/p + ... + a p -iU pP -i G Mfc *W-Zp, take ao = a 2 = ••• = o-p-i = 0, and 
ai = [/*, by Lemma 2.1, we have that 

0(7, e l2 ?7, ..., e 1 ^ 2 ^ 211 /) = (X([T id» )X*V, e^XfTJ* id« LY*V, ...) 

= (XL*X*,e i % L XL*X*,...), 
i>(I, e^I, ..., e 1 ^^/) = (T(£T id» )F*V, e^Y{U* id f )F*F, ...) 

= (YN*Y* ,e^YN*Y* , ...). 

Since 0» = $*, then there exists a unitary Z such that XL*X* = ZYN*Y* Z* , 
hence, X = X*ZYN*Y*Z*X, so {Ai,...,Aa} = {/xi,...,At«}. Then there exists a 
unitary Z G Ik M™ such that L = ZiVZ*. Hence, 

x*y*x(c/0id f ) = zr*y*r(L/0zd f )z*, 

which implies that VXZY* = XZY*V. Therefore XZY* G B%», put VF = XZF*, 
then 0fc = AdW o i/>„. 

(2). A* = M fc , B„ = M„® . . .®M» . 

p 
Let £/ be the order p unitary such that p(a) = UaU* , Va G Mfc. Let X\, ...,X p be 
the untarics in M„ such that 4>(a) = (X L a0id".Xj'', ...,X p a0id".X*); let Yi, ... 7 Y p 
be the untaries in M„ such that ip(a) — (Y\a ida.Y*, ..., l^a id<±Y*), Va G Mfc. 
Since <fi and ^ intertwines afc and /3„, we obtains: 

{Xi(UaU* id» )X{,X 2 (UaU* id f )X*, ...,X p {UaU* id» )X*) = 

(Xpa id^X*,Xia id^Xj", ..., X p _ia id^X*^). 



Hence, 



X x {UaU* id»)X* = X p a id f X*, 
X 2 (UaU* idn )X 2 * = X x a idnX{, 

X p (UaU* idi±)X* = X p _ x a idn.X* p _ x . 
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This implies that 

X. 

X*X 2 U <g>idr>a®id™ = a0 id"X*X 2 U <g> id. 



X*X\U zd«a0 id" = a0 id"X*X\U <& idi 

F k k k i J h 



X* 1 X p U irf»a id" = a idnX* 1 X p U id~ . 
Similarly, we also have: 

F*F 1 C/0irfna0idn = a<gud»F*F 1 Z7<gudn, 

K A: A: k P k 

Yi*Y 2 U z<i™ a id« = a id? F*F 2 17 id*, 

- 1 - k k k J- A: 

p ± i J k k k F ± ' k 

Our goal is to find a unitary W — (W\, ..., W p ) G S^ n , such that = ArfVK o -0. 
Note that W G B^" means that (W 1 ,W 2 ,...,W P ) = (W P ,W 1 ,...,W P - 1 ), namely 
Wi = W 2 = ... = W P . 
Set 

Li =X*X 1 U®id fl N 1 =F p *FiC/0id f , 

L p = X* v _ x X p U zrf™ , 7V p = Fp.iFpC/ id» , 

then by the calculation above, all of these Li, TVj commute with a id". , Va G M„. 
Then N p L* = Y^YpX'Xp^, which implies X p Y* = Xp^LpN^Y*^. Moreover, 
X p _ 2 L p _ 1 L p N;N;_ 1 Yp*_ 2 =Xp_ 2 X;_ 2 Xp_ 1 (U^idn)LpN;(U*^idn)Y p *_ 1 Y p _ 2 Y p *_ 2 
= Xp-iLpNpY*-^. Similarly, we have 

Xp- 3 Lp- 2 Lp^iL p N*N*_ 1 N*_ 2 Y*_ 3 = Xp- 2 Lp- 1 L p N*N*_ 1 Y*_ 2 , 

x 1 l 2 ...vv;..jv 2 *f 1 * = x 2 l 3 ...l p n;...nzy;. 

So all of these terms equal to Xp_iLpN*Y p *_ 1 = X P Y* . 
Put 

W = {X 1 L 2 ...L p N;...NSY^,X 2 L 3 ...L p N;...N^,...,X p Y;), 

then W G 13%™ , and 0fe = AdW o ^> n , since for each i = 1 , . . . , p — 1, we have 
X i L i+1 ...L p N;...N* +1 Y*Y i (a idn)Y*Y i N i+1 ...N p L* p ...L* i+1 X* = X t (a id f )X*. 

(3). A k = M fc ® .®Mfc , B n = M„. 

p 
Let V" be the unitary which implements the action of f3 n , namely, p(a) = 

VaV* i ya G M„. Let X,Y be unitaries in M n such that V(ai, a 2 , ..., a p ) G M fe © ... ©M fe , 

p 
(fi(ai,a 2 , ...,a p ) = Xdiag(ai idj^,a 2 zd_^, ...,a p id^)X* 7 
V>(°i, a 2 ,...,a p ) — Ydiag(a\ id^,a 2 id_2_, ...,a p id_s_)F*. 
This is the case since both (/>* and ?/>* intertwine the actions, and (/>* = i/>*. 
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Since <fi and tp intertwine the actions, we obtain that: 



and 



/ a p <g> id^ 



X 



a\ eg id. 



/ a\ id. 



= VX 



dl eg> idn 






Y 



a\ eg id- 



\ 






VY 



a,2 idji. 



X" 



a„_i id n I 

r pk ' 



X*V* 



a v Cg) id-a- I 

1 nk ' 



y* 






v*-\j* 



a v Cg) id-a- I 

1 nk ' 



Set P 



In 



then 



V h 

/ a v Cg) id jo- 

I ' pk 



a\ eg id. 



So we have: 



XP*P 



\ 

I a\ eg) id. 

V 

/ a„ eg) id « 

V 



ai eg) zd-™. 



ai eg id. 



P* 



a„-i id^- / 

r -nk ' 



a v eg) idjL. I 

" pk ' 



* t-> "V'* 



PTX 



a„-i id^ / 

" pk ' 
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\ 



/ a\ idn 



vx 



a,2 ® icL 



V 



XT* 



2 D <8 idjL. I 



namely, 



XP* 



cii <8 idjL. 



V 

/ ai (8) zd_n. 



a2 (8 irf_ 



PI* 



VX 



02 <8> icL 



a p <8 id-u- / 



a„ (8 idjL. I 

" -ok ' 



X*V* 



pfc 



ITXi 5 



02 (8 zcL 



V 






a2 (8 ic^ 



a„ (8 id -a. / 



X*V*XP* 



a n 8> id » / 

" vk ' 



similarly, 



/ a\ id_ 



V 

/ ai id^. 

pk 

V 



a2 18 id_n- 



a2 <8 id-^ 



a„ (8 id-tk. / 

" pfc ' 

\ 

Y*V*YP 



a p (8 idjL. J 



Put L = X*V*XP*, N = Y*V*YP* 1 then 

L = diag(L\, ..., L p ), N — diag(N\, ..., N p ), 

where each Li and Ni belongs to idk ®Mjl, which means each of them commutes 
with any matrix in M& ®id-n- . Hence, 



X*V*X = LP = 



L P J 
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and 



Y*V*Y = NP 



N 2 



V 

Since V is an order p unitary, we obtain 

( L > V ( 



N.„ 






u 



L, 



= 1, 



N, 



m y 



N.„ 



= I. 



Form this we have that 



similarly, 



LiL p ...L2 — I, 
L2L1...L3 = I, 

LpL p _\...Li = I, 

NiN p ...N 2 = /, 
JV2JV1...JV3 = I, 

JVJV p _i...JVi = /. 



Set 



/ NiL p ...L 2 



V 



N 2 NiL p ...L 3 



JVp_i...JViL p 



By using the relations above, we have that 



/ 



V 



M / 



/ 



No 



V 



N.„ 



I J 
I 



namely, ZX*V*XZ* = Y*V*Y . Put W = XZ*Y*, then WV = VW, so W 6 B£>, 

and (/>£ = .AdW o ip n . 

(4). y4 fe = M fe ... © M fc , B n = M„ © ... 8 M„. 

v . ' * . ' 

p v 

Since <f> intertwines the actions au and /3 n , by calculation, 



/ ^11 I12 

lip In 



V h2 1 



13 



lip \ 

llp-1 

hi J 
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where (In + Z12 + ••• + hp)k = n, and <f> is of the following form: 

(^(01,02,..., Op) = (0i(.),0 2 (.),-,0 P (.)), V(ai,a 2 ,...,o p ) £ M„ ® . . . ® M» , 

p 
where (.) is the abbreviation of (01, 02, ■ •■, %>), and 

0i(ai,a 2 ,...,a p ) = Xdiag(a 1 <%>id hl ,a 2 ®id; 12 , ...,a p <g>id hp )X*, 
0i(ai,a 2 ,...,a p ) = Xdiag(a 2 ®idi lt ,a^ ®id il2 , ...,01 ® idi lp )X*, 

1 •••1 

</>i (01,02,.-, Op) = Xdiag(a p ®idi 11 ,ai (g) idi 12 , ...,Op_i ®idi lp )X*\ 
here X is a unitary in M„. Since 0* = -0*, similarly, 

^(ai,a 2 ,...,Op) = (V'i(.),02(.),- I '0p(.)),V(ai,a2, ...,a p ) E M„ ® . . .®M» , 

p 
where (.) is the abbreviation of (01, 02, ..., a p ), and 

^1(01,02,..., Op) = Ydiag(ai (g) idi lx ,a 2 ®idi 12 , ...,a p (g) idi lp )Y* , 
ipi(ai,a 2 ,...,a p ) = Ydiag(a 2 <S> id^^a?, ®idi 12 , ...,ai ®idz lp )Y*, 



^i(ai,a2,...,Op) = Ydiag(a p ®idi tl ,ai <Siidi 12 ,...,a p -i ®idi lp )Y*, 

here Y is a unitary in M„. 

Put W = (XY*, ..., 17*) <E B^>, then it is clear that = AoW o 0. 



□ 



Corollary 4.2. Lei 0^ and V/c ^ e ^ w0 homomorphisms from the finite dimen- 
sional C* -dynamical system (Ak,ak, Z p ) to (B ni f3 n , Z p ). Denote by 4>k and ipk 
the morphisms from Au xi Qfc Z p to B n x^ Z p induced by <fik and tpk, respectively. 
If 4>k* = tpk* and <f>k* — ipk*, then there exists a unitary W in B@™ , the fixed point 
subalgebra of B n , such that <fik — AdW o ip).. 

5. CLASSIFICATION 

In this section, we prove the classification Theorem 1 1.1 1 by using Elliott's inter- 
twining arguments. 

Proof. First of all, by standard argument, the K-theoretic invariants of the AF C*- 
dynamical systems can be lifted to finite stages, namely, by passing to subsequences 
and changing notation, we could obtain the following intertwinings: 



(Ko(i4i),ai.) *- (Ko(40,a 2 .) 



(Ko(Bi),/3i.) -(K (i?2),/3 2 J 



and 



(Ko(Ai x Ql Z p ),&u) >■ (K a (A 2 x Q2 Z p ),a 2 ,) 



(K (Bi x ft Z P ),0 U ) »- (K (B 2 x & Z p ),fo m ) 



(K {A),a*) 

■ - 

(Ko(i?),/3») 
>■ (K (A x Q Z p ),a*) 



■+(K (BxpZ p ),p,). 
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Second, we would like to make the two intertwinings above to be compatible. Note 
that we have that: 

Ko(A x ) -> K (A) = K (B) «-.••<- K (Bi) 

4" 4" "4" 4" i 

K Q (Ai xi Ql Z P )^K (A >i a Z P ) = K (B x p Z p )< <-K (.Bi ^2 P ) 

Hence, there exists n, such that 

Ko(Ai) *- Ko(B B ) 



K (Ai x Ql Z p ) 5- K Q (B n xp n Z p ) 

commutes. After reindexing, the two intertwinings above could satisfy the following 
commutative diagrams: 



K {A n ) 



■K (B n 



K (A n xi an Z p ) s- K (S„ Xp n Z p ), 



and 



K (B„) 



-^K (A n+1 ) 



■K (A n+ i Xla„ + i Zp). 



K (B n xp n Z p ) - 

Also, these intertwinings can preserve the special elements and the units. 

Now, we can apply the existence and uniqueness results on finite stages. By 
Corollary 13.21 we can lift each morphism of the invariant to a morphism between 
the dynamical systems. By Corollary 14.21 we can correct each morphism by an 
inner morphism commuting with the actions, so we obtain an intertwining of the 
dynamical systems: 



(Ai,ai) >- (A 2 ,a 2 ) 



(Bi,/3 




{B 2 ,j3 2 ) 



-(A, a) 

1*0 

Y 
(£,/?)■ 



Hence, (A, a) and (B, /3) are isomorphic by an isomorphism ip which induces F and 

4>. ' □ 
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